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3-colourability, diamonds and butterflies

Nadzieja Hodur(1), Monika Pilśniak(1), Magdalena Prorok(1),
Ingo Schiermeyer(1,2)

(1) AGH University of Krakow, Kraków, Poland
(2) TU Bergakademie Freiberg, Freiberg, Germany

The 3-colourability problem is an NP-complete problem which
remains NP-complete for graphs with maximum degree four, for
claw-free graphs, and even for (claw,diamond)-free graphs. In
this talk we will consider induced subgraphs, among them are
the claw (K1,3), the diamond (the graph K4 − e), the butterfly
(two triangles sharing a vertex), and the generalized net Ni,j,k (a
triangle with three attached paths with i, j, k edges).

Our main result is a complete characterization of all 3-colourable
(claw, diamond,H)-free graphs for H ∈ {N1,1,1, N1,1,2, N1,2,2, N2,2,2}.
We will present a description of all non 3-colourable
(claw, diamond,H)-free graphs for H ∈ {N1,1,1, N1,1,2, N1,2,2, N2,2,2}
in terms of butterflies. Moreover, we will show extensions of this
characterization to larger graph classes.

References

[1] B. Randerath and I. Schiermeyer, Vertex colouring and for-
bidden subgraphs - a survey, Graphs and Combinatorics 20
(2004) 1-40.

[2] I. Schiermeyer and B. Randerath, Polynomial χ-Binding
Functions and Forbidden Induced Subgraphs: A Survey,
Graphs and Combinatorics 35 (1) (2019) 1–31.
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On Mycielskians of digraphs

M. Borowiecka-Olszewska(1), E. Drgas-Burchardt(1),
N.Y. Javier Nol(2), R. Zuazua(2)

(1) University of Zielona Góra, Poland
(2) National Autonomous University of Mexico, Mexico

Let D be a digraph on vertices v1, . . . , vn. The Mycielskian of
D, denoted M(D), is obtained from D by adding an independent
set of vertices V ′ = {v′1, . . . , v′n} and one extra vertex x. For
every arc (vi, vj) of D, the arcs (vi, v

′
j) and (v′i, vj) are added,

and finally arcs from x to all vertices of V ′ are included. In a
natural way, a sequence of digraphs {Mp(D)}p≥0 is defined by
M0(D) = D, M1(D) = M(D), and Mp(D) = M(Mp−1(D)) for
p ≥ 2, where Mp(D) is called the p-th Mycielskian of D.

For a digraph D, a set S of arcs is a feedback arc set if D−S is
acyclic, and the minimum size of such a set is denoted by τ1(D).
In this talk we focus on the parameter τ1(Mp(D)), as well as on
the maximum number of arc-disjoint directed cycles in Mp(D),
denoted by ν1(Mp(D)), which is closely related to τ1(Mp(D)).

References

[1] B. Csonka, G. Simonyi, Shannon capacity, Lovász theta num-
ber and the Mycielski construction, IEEE Trans. Inform. The-
ory 2024 pp. 7632–7646.
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Further progress on Wojda’s conjecture

M. Cisiński(1), A. Żak(1)

(1) AGH University, Cracow, Poland

Two digraphs of order n are said to pack if they can be found
as edge-disjoint subgraphs of the complete digraph of order n. It
is well established that if the sum of the sizes of the two digraphs
is at most 2n− 2, then they pack, with this bound being sharp.
However, it is sufficient for the size of the smaller digraph to be
only slightly below n for the sum of their sizes to significantly
exceed this threshold while still guaranteeing the existence of a
packing.

In 1985, Wojda conjectured that for any 2 ≤ m ≤ n/2, if
one digraph has size at most n − m and the other has size less
than 2n− ⌊n/m⌋, then the two digraphs pack. It was previously
known that this conjecture holds for m = Ω(

√
n). We confirm it

for m ≥ 26.

References

[1] A. Benhocine, H.J. Veldman, A.P. Wojda, Packing of di-
graphs, Ars Combin. 22 (1986), 43–49.

[2] J. Konarski, A. Żak, Toward Wojda’s conjecture on digraph
packing, Opuscula Math. 37 no. 4 (2017), 589–595.

[3] A.P. Wojda, Research problems (Problem 69), Discrete Math.
57 (1985), 209–210.

[4] A.P. Wojda, M. Woźniak, Packing and extremal digraphs,
Ars Combin. 20 B (1985), 71–73.
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On coarse tree decompositions and coarse
balanced separators

Tara Abrishami(1), Jadwiga Czyżewska(2), Kacper Kluk(2),
Marcin Pilipczuk(2), Michał Pilipczuk(2), Paweł Rzążewski(2,3)

(1) University of Hamburg, Germany
(2) University of Warsaw, Poland
(3) Warsaw University of Technology, Poland

It is known that there is a linear dependence between the
treewidth of a graph and its balanced separator number: the
smallest integer k such that for every weighing of the vertices,
the graph admits a balanced separator of size at most k. We
investigate whether this connection can be lifted to the setting of
coarse graph theory, where both the bags of the considered tree
decompositions and the considered separators should be cover-
able by a bounded number of bounded-radius balls.

As the first result, we prove that if an n-vertex graph G admits
balanced separators coverable by k balls of radius r, then G also
admits tree decompositions T1 and T2 such that:

• in T1, every bag can be covered by O(k log n) balls of radius
r; and

• in T2, every bag can be covered by O(k2 log k) balls of radius
r(log k + log log n+O(1)).

As the second result, we show that if we additionally assume
that G has doubling dimension at most m, then the functional
equivalence between the existence of small balanced separators
and of tree decompositions of small width can be fully lifted to
the coarse setting.
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Constructing algebraic expressions for
lattice-structured digraphs

M. Korenblit(1)

(1) Holon Institute of Technology, Holon, Israel

We investigate relationship between algebraic expressions and
labeled two-terminal directed acyclic graphs (labeled st-dags), in
which each edge carries a unique label. An algebraic expression is
referred to as an st-dag expression if it is algebraically equivalent
to the sum of edge-label products over all spanning paths of the
st-dag. The st-dags considered here are based on lattice structure
and have m× n vertices (m rows and n columns). Examples are
shown in Figure 1: (a) grid graph Gm,n, (b) triangular grid Tm,n,
(c) king graph Km,n. We treat m as a constant representing
the graph’s depth, while n determines its size. Our objective is
to simplify the expressions for these graphs. To this end, we
apply backtracking and decomposition methods (BM and DM,
respectively) which generate expressions for these graphs, and
we estimate the lengths of the generated expressions as functions
of n. BM produces expressions of length O (nm) for both Gm,n

and Tm,n, and of exponential length in n for Km,n. In contrast,
DM yields more compact expressions: length O

(
n logm−1 n

)
for

both Gm,n and Tm,n and length O
(
nlog2(4m−2)

)
for Km,n.
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Figure 1: Lattice-structured digraphs.

7



A generalization of an ear decomposition and
k-trees in highly connected star-free graphs

Shun-ichi Maezawa(1), Kenta Ozeki(2), Masaki Yamamoto(3),
Takamasa Yashima(4)

(1) Nihon University, Tokyo, Japan
(2) Yokohama National University, Yokohama, Japan
(3) Seikei University, Tokyo, Japan
(4) Kanazawa Institute of Technology, Ishikawa, Japan

In this talk, we introduce a generalized version of an ear de-
composition, called a j-spider decomposition, for j-connected
star-free graphs with j ≥ 2. Its application enables us to im-
prove a previousely known sufficient condition for the existence
of a k-tree in highly connected star-free graphs, where a k-tree
is a spanning tree in which every vertex is of degree at most k.
More precisely, we show that every j-connected K1,j(k−2)+2-free
graph has a k-tree for k ≥ j, thereby improving a classical result
of Jackson and Wormald [1] for k ≥ j. Our approach differs from
previous studies based on toughness-type arguments and instead
relies on both a j-spider decomposition and a factor theorem re-
lated to Hall’s marriage theorem.

This talk is based on the paper [2].

References

[1] B.Jackson and N.C.Wormald, k-walks of graphs, Australas.
J. Combin. 2 (1990) pp. 135-146.

[2] S.Maezawa, K.Ozeki, M.Yamamoto, and T.Yashima, A gen-
eralization of an ear decomposition and k-trees in highly con-
nected star-free graphs, arXiv:2508.05962.
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H-kernels in 3-quasi-transitive digraphs

Carlos Cedillo-Ponce, Rocío Sánchez-López(1)

(1) Faculty of Sciences, National Autonomous University of Mexico,
CDMX, México.

Let H be a digraph possibly with loops and D a digraph
without loops whose arcs are colored with the vertices of H (D is
said to be an H-colored digraph). A directed path P in D is said
to be an H-path if and only if the consecutive colors encountered
on P form a directed walk in H. An H-kernel of an H-colored
digraph D is a subset of vertices of D, say N , such that for every
pair of different vertices in N there is no H-path between them,
and for every vertex u in V (D) \ N there exists an H-path in
D from u to N . D is said to be 3-quasi-transitive if for every
pair of vertices u and v of D, the existence of a directed path of
length 3 from u to v implies that {(u, v), (v, u)} ∩ A(D) ̸= ∅. In
this talk we show a result regarding the existence of H-kernels
in 3-quasi-transitive digraphs; mainly the existence of H-kernels
is guaranteed by means of sufficient conditions on the directed
cycles of length 3 and 4.
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Representing Distance-Hereditary Graphs with
Trees

Guillaume E. Scholz(1)

(1) Free agent, Leipzig, Germany

Cographs are precisely the undirected graphs that can be rep-
resented by a vertex-labelled tree, that is, a pair (T, t), where T
is a rooted tree and t is a labelling of the vertices of T into the
set {0, 1}. Specifically, we say that the pair (T, t) explains G if
T has leaf set V (G) and, for any two distinct vertices x and y
of G, x and y are joined by an edge in G if and only if the least
common ancestor of x and y in T has label 1 via t.

Recently [1], the class of arboreal networks was introduced as
a generalization of rooted trees. Arboreal networks are directed,
acyclic graphs whose underlying, undirected graph is a tree. Intu-
itively, they are rooted trees which can have more than one root.
This led to the question of characterizing those undirected graphs
G that can be explained by a vertex-labelled arboreal network
(N, t), in the same way cographs are explained by vertex-labelled
trees. Interestingly, this is a well known and well studied class of
graphs [2].

References

[1] K. T. Huber, V. Moulton and G. E. Scholz, Shared ancestry
graphs and symbolic arboreal maps, SIAM Journal on Discrete
Mathematics, 2024, 38(4): 2553-2577.

[2] G. E. Scholz, Representing distance-hereditary graphs with
multi-rooted trees, Graphs and Combinatorics 2025 (in press).
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