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Connections between local regularity and
symmetry in graphs

Robert Jajcay(1)

(1) Comenius University, Bratislava, Slovakia

When talking about highly symmetric graphs, we may be
talking about several different but interconnected concepts. We
may be talking about graphs with large automorphism groups
(in comparison to their orders), or graphs whose automorphism
groups act in a special way (vertex-transitive, edge-transitive,
arc-transitive, etc.), or we can even be talking about graphs that
appear symmetric (but may not necessarily be), by which we may
mean some kind of a regularity shared by graphs from the other
two classes defined by symmetries viewed as automorphisms.

In our presentation, we aim to connect these various concepts
of symmetry via discussing hierarchies within the above classes of
graphs and the links connecting the various levels of these hierar-
chies. We will also discuss possibilities for loosening or generaliz-
ing some of the discussed concepts in order to explore connections
to even wider classes defined via the existence or possibly even
lack of specific symmetries. Some of the topics discussed will
include smallest vertex-transitive subgroups and families of au-
tomorphisms and their connection to Cayley and quasi-Cayley
graphs, the monoid of partial automorphisms of a graph, and
girth-regular, edge-girth-regular, and vertex-girth-regular graphs.

Parts of this talk may also be viewed as an introduction to
presentations included in the Algebraic Graph Theory session of
the 10th Cracow Conference 2025.
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Uniform routings of shortest paths in graphs
with large automorphism groups

V. Cingel(1), R. Jajcay(1,2)

(1) Comenius University, Bratislava, Slovakia
(2) Supervisor

A routing R of a given connected graph Γ of order n is a col-
lection of n(n−1) paths connecting every ordered pair of distinct
vertices of Γ. If these paths are the shortest, R is called a routing
of shortest paths. The load ξ(Γ, R, v) of a given vertex v is the
number of paths of R passing (not beginning or ending) through
v. When designing networks, it is often beneficial when every
vertex has the same load. Such a routing is called a uniform
routing of shortest paths, or shortly URSP.

Many vertex-transitive (v-t) graphs have been shown to ad-
mit a URSP. For example, all Cayley and quasi-Cayley graphs,
i.e. all graphs containing a regular set of automorphisms [1].
However, not all v-t graphs belong in this class - the underly-
ing graph of the dodecahedron does not admit a URSP [2]. The
connection between the level of ‘symmetry’ of a graph and the
existence of a URSP is not well understood. We have shown that
vertex-transitivity is not necessary for the existence of a URSP.
However, in the case of geodetic graphs, i.e. graphs having pre-
cisely one shortest path between any two vertices, we have shown
that vertex-transitivity suffices. We will present a classification
of planar geodetic graphs with respect to the existence of URSP.

References

[1] G.Gauyacq, On quasi-Cayley graphs, Discrete Appl. Math.
No. 1, 1997 pp.43-58.

[2] S.Shim, J.Širáň, and J.Žerovnik, Counterexamples to the
uniform shortest path routing conjecture for vertex-transitive
graphs. Discrete Appl. Math. 119.3, 2002, pp.281–286.
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Cubic girth-regular graphs of girth six

Š. Glevitzká(1), R. Jajcay(1), M. Lekše(2), P. Potočnik(3)

(1) Comenius University, Bratislava, Slovakia
(2) IMFM, Ljubljana, Slovenia
(3) University of Ljubljana, Ljubljana, Slovenia

Recall that given a graph Γ, the girth of Γ is the length of
a shortest cycle in Γ. If the girth is finite, then each vertex v of
Γ can be associated with a list of integers, one integer for each
edge incident with v, representing the number of girth cycles
containing the edge (possibly 0). If the lists associated with the
vertices of Γ are all identical (and so Γ is regular), we say that
Γ is girth-regular, and the shared list is said to be the signature
of Γ. Note that all vertex-transitive graphs are necessarily girth-
regular.

The concept of girth-regularity was introduced in [1], where
several necessary conditions on signatures of cubic girth-regular
graphs were proved, together with a classification of all cubic
girth-regular graphs of girth at most 5. Consequently, all cu-
bic vertex-transitive graphs of girth 6 were classified in [2]. In
our work, we extend the latter to a characterization of all cubic
girth-regular graphs of girth 6. In addition, we prove multiple
additional conditions on signatures of cubic girth-regular graphs
of any even girth.

The work has been supported by grants VEGA 1/0437/23
and UK/1398/2025.

References

[1] P.Potočnik, J.Vidali, Girth-regular graphs, Ars Math. Con-
temp. 2019 pp.349–368.

[2] P.Potočnik, J.Vidali, Cubic vertex-transitive graphs of girth
six, Discrete Math. 2022.
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Prime factorization of hierarchical products of
infinite graphs

Wilfried Imrich(1)

(1) Department Mathematics and Information Technology, Montanuni-
versität Leoben, A-8700 Leoben, Austria

The hierarchical product, also known as the comb product,
has been used in the context of quantum probability and spectral
analysis of graphs in 2007 by Accardinet al., and by Hora and
Obata. It is a special case of a product, whose spectral properties
were studied in 1978 by Godsil and McKay, and was reintroduced
by Barrière et al. in 2009.

The talk presents an outline of known results, and continues
with the prime factorization of infinite graphs. Together with
Kalinowski and Pilśniak it was recently shown that all connected
finite graphs have unique prime factorization with respect to the
hierarchical product. Here the result is extended to connected
infinite rayless graphs, and conditions are provided under which
this also holds for locally finite infinite graphs. Furthermore, fac-
torization properties of special classes of graphs are investigated,
as well as the structure of the automorphism group of hierarchical
products.
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Asymmetric depth of graphs
Tatiana Jajcayova(1)

(1) Comenius University, Bratislava, Slovakia

A partial automorphism of a graph is an isomorphism between
its induced subgraphs. The set of all partial automorphisms of a
given graph forms an inverse monoid under composition of partial
maps and taking partial inverses. In constrast to classical group
theory approach to studying symmetries of graphs, where the
automorphism group of a graph can be (and almost always is)
trivial, the inverse monoid of partial automorphisms of a graph is
never trivial. It gives full algebraic description of the graph [1]. In
our talk, motivated by the study of partial automorphism inverse
monoids of graphs, we investigate symmetries of graphs utilising
the measure of asymmetric depth of graphs defined through the
rank of the largest nontrivial partial automorphism. We establish
a new, tight lower bound for the asymmetric depth of any simple
graph Γ of order n. Any graph achieving this bound must be
a strongly regular graph with parameters (n, n−1

2
, n−5

4
, n−1

4
) also

known as conference graph. Via computation performed on a
high-performance cluster, we were able to identify an asymmetric
conference graph on 37 vertices that meets this bound, thereby
proving its tightness. We also show that it is one of the smallest
possible graphs to meet this bound.

This is joint work with Ján Pastorek.

Acknowledgments: The work has been supported by APVV grants SK-
AT-23-0019, APVV-23-0076, and by VEGA grant 1/0437/23

References

[1] R. Jajcay, T. Jajcayova, N. Szakács, and M.B. Szendrei, In-
verse monoids of partial graph automorphisms, Journal of Al-
gebraic Combinatorics, 2021 vol. 53, no. 3, pp.829–849.
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How can graphs help us count?
Pavol Kollár(1)

(1) Comenius University, Bratislava, Slovakia

This talk is about the topic of Boundary Matrices, which are
matrices specified by a set of forbidden submatrices that these
Boundary Matrices must avoid containing. In this sense, these
matrices are a generalisation of the antidictionary languages,
which is a classical - solved - problem [1]. Ideas similar to bound-
ary matrices show up in various areas of research [2], [3].

In addition to asking “how many boundary matrices without
forbidden submatrices Z1, . . . , Zx are there of size m×n?”, our fo-
cus of the project is to examine the relation between the numbers
of these matrices. The main interest is answering a conjecture
from [4], whether there exists a two-dimensional linear recurrence
relation between these numbers of boundary matrices.

As we will see, the adjacency matrix of a directed graph re-
lated to building these boundary matrices plays a key role in
determining the answer to the conjecture.

I acknowledge Funding by the EU NextGenerationEU through the Recovery and Re-
silience Plan for Slovakia under the project No. 09I03-03-V02-00036. I also acknowledge
support from the Grant of Comenius University No. UK/1188/2025.
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mation Technologies – Applications and Theory 2018 176–180.
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Cubic vertex-transitive graphs of girth seven

M. Lekše(1,2), P. Potočnik(1,2), M. Toledo(1,2)

(1) University of Ljubljana, Ljubljana, Slovenia
(2) IMFM, Ljubljana, Slovenia

Let Γ be a graph, and let v be a vertex and e an edge of Γ.
The signature of e is the number of girth cycles that contain it,
while the signature of v is the tuple of the signatures of all edges
incident to it (ordered by size). We say that Γ is girth-regular if
every vertex in the graph has the same signature. This concept
was introduced by Potočnik and Vidali in 2019 as a generaliza-
tion of edge-girth-regularity, and they later used it to classify
cubic vertex-transitive graphs of girth at most 6. In this talk, we
present a similar classification of cubic vertex-transitive graphs
of girth 7 based on their signatures.
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On bipartite biregular large graphs derived
from difference sets

G. Araujo-Pardo(1), C. Dalfó(2), M. A. Fiol(3), N. López(2)

(1) Universidad Nacional Autónoma de México, México.
(2) Universitat de Lleida, Spain.
(3) Universitat Politècnica de Catalunya, Barcelona, Spain.

A bipartite graph G = (V,E) with V = V1 ∪ V2 is biregular
if all the vertices of each stable set, V1 and V2, have the same
degree, r and s, respectively. This paper studies difference sets
derived from both Abelian and non-Abelian groups. From them,
we propose some constructions of bipartite biregular graphs with
diameter d = 3 and asymptotically optimal order for given de-
grees r and s. Moreover, we find some biMoore graphs, that is,
bipartite biregular graphs that attain the Moore bound.

References

[1] G. Araujo-Pardo, C. Dalfó, M. A. Fiol, and N. López, Bi-
partite biregular Moore graphs, Discrete Math. 344 (2021)
112582.

[2] G. Erskine, P. Fratrič, and J. Širáň, Graphs derived from
perfect difference sets, Australas. J. Combin. 80 (2021), no.
1, 48–56.

[3] S. Filipovski, A. Ramos Rivera, and R. Jajcay, On biregular
bipartite graphs of small excess, Discrete Math. 342 (2019)
2066–2076.

[4] J. L. A. Yebra, M. A. Fiol, and J. Fàbrega, Semiregular bi-
partite Moore graphs, Ars Combin. 16A (1983) 131–139.
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Cubic vertex-transitive graphs with a
symmetry-invariant 2-factor – a generalisation

of the Generalised Petersen graphs

P. Šparl(1)

(1) University of Ljubljana, Ljubljana, Slovenia

We present a few results obtained during the investigations
spurred by the question of Bojan Mohar to Brian Alspach from
2016 on cubic vertex-transitive graphs admitting a 2-factor which
is invariant under the full automorphism group of the graph. It is
not difficult to show that the graphs admitting such a 2-factor are
precisely the cubic vertex-transitive but not arc-transitive graphs,
but obtaining a precise description of the graphs in terms of the
corresponding 2-factor and the complementing 1-factor presents
an interesting challenge.

While the simplest case when the 2-factor is a Hamiltonian
cycle of the graph was settled back in 2019 by Alspach, Kho-
dadadpour and Kreher, the author of this talk (and Ted Dobson)
became involved in the investigations when the case that the 2-
factor consists of two cycles was considered. The main purpose
of this talk is to present some more recent results [1], where the
situation that the quotient with respect to the 2-factor is a cycle,
was investigated thoroughly. The resulting graphs in one of the
two essentially different cases represent a very natural generalisa-
tion of the Generalised Petersen graphs (as well as of the perhaps
somewhat lesser-known Honeycomb toroidal graphs).

Some of the presented results are joint work with Brian Alspach.

References

[1] B. Alspach, P. Šparl, Cubic factor-invariant graphs of cycle
quotient type – The alternating case, European J. Combin. 120
(2024), Paper No. 103964, 22 pp.
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Networks with small excess

J. Tuite(1,2)

(1) Open University, Milton Keynes, UK
(2) Klaipėda University, Klaipėda, Lithuania

The degree/geodecity problem is an analogue for directed and
mixed graphs of the classical degree/girth problem [1]. It asks for
the smallest networks with fixed out-degree (as well as undirected
degree for mixed graphs) such that for any two vertices u, v there
is at most one (non-backtracking) walk from u to v with length at
most k. The directed/mixed Moore bound is a lower bound for
the problem. We present new results on the structure of networks
with order close to the Moore bound, including their regularity
properties, and a new lower bound for mixed graphs for k = 2.

References

[1] J. Tuite, G. Erskine, On networks with order close to the
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